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The hot and dense matter generated in heavy-ion collisions contains intricate vortical structure in which
the local fluid vorticity can be very large. Such vorticity can polarize the spin of the produced particles. We
study the event-by-event generation of the so-called thermal vorticity in Au + Au collisions at energy region√
s = 7.7 − 200 GeV and calculate its time evolution, spatial distribution, etc., in a multiphase transport
(AMPT) model. We then compute the spin polarization of the Λ and Λ¯ hyperons as a function of
√
s, transverse
momentum pT , rapidity, and azimuthal angle. Furthermore, we study the harmonic flow of the spin, in a manner
analogous to the harmonic flow of the particle number. The measurement of the spin harmonic flow may provide
a way to probe the vortical structure in heavy-ion collisions. We also discuss the spin polarization of Ξ0 and Ω−
hyperons, which may provide further information about the spin polarization mechanism of hadrons.
I. INTRODUCTION
The high-energy heavy-ion collisions provide us the unique
opportunity to produce and study the deconfined quark-gluon
matter [usually called the quark-gluon plasma (QGP)] in lab-
oratory. Since the first run of the Au + Au collisions at the
Relativistic Heavy Ion Collider (RHIC) in 1999, the collected
data has revealed a number of striking features of the QGP
through measuring a variety of hadronic observables. A set
of such observables, considered to constitute the cornerstones
of detecting the bulk collective properties of QGP, are the so-
called harmonic flow coefficients vn, defined through
dNch
dφ
∝ 1 + 2v1 cos (φ−Ψ1) + 2v2 cos [2(φ−Ψ2)] + · · · ,
(1)
where Nch is the number of hadrons of interest (here the
charged ones) in a given kinematic (rapidity, transverse mo-
mentum pT , etc.) range, Ψn is the nth harmonic plane an-
gle. The harmonic coefficients vn, after carefully subtracting
the non-flow contributions, characterize the hydrodynamic re-
sponse of the final hadronic distribution in momentum space
to the spatial shape of the initial-state QGP. The measurement
of vn (especially the second coefficient v2, called elliptic flow
coefficient) in non-central collisions reveals that the QGP is a
nearly perfect fluid with the lowest ratio of shear viscosity to
entropy density ever observed. See recent reviews for more
details [1–3].
Recently, it was found that such a nearly-perfect fluid is
very vortical, namely, the fluid vorticity can be very large.
This conclusion was drawn from the measurement of the spin
polarization of Λ and Λ¯ hyperons in Au + Au collisions at
RHIC [4–6]. The underlying mechanism is the quantum me-
chanical spin-vorticity coupling, namely, the vorticity can po-
larize the spin of the constituent particles of the fluid along
its direction and therefore the measurement of the spin polar-
ization can deduce the information about the vorticity. Such
an idea can be traced back to 2004 although the term vortic-
ity was not mentioned [7]; see also Refs. [8–11]. The striking
experimental finding is that the vorticity averaged over an en-
ergy range from
√
s = 7.7 GeV to 200 GeV is of the order of
1021s−1, surpassing the vorticity of any other known fluid [5].
The STAR measurement opened the door to a new era of
“subatomic spintronics” where the spin degree of freedom can
be used as a probe of the QGP collective property. However,
what was measured in Ref. [5] was the spatially averaged vor-
ticity in the mid-rapidity region; the detailed vortical structure
was not observed. Only quite recently, the azimuthal struc-
ture of the longitudinal and transverse spin polarization of Λ
and Λ¯ hyperons at
√
s = 200 GeV was reported which pro-
vides useful information about the vortical structure [6]. In
fact, the vorticity in heavy-ion collisions may receive con-
tributions from different sources which may lead to differ-
ent vortical structures. One source is the global orbital an-
gular momentum (OAM) of the two colliding nuclei [12–23].
This OAM is perpendicular to the reaction plane if averaged
over many events; after the collision, a fraction of the ini-
tial OAM is retained in the produced quark-gluon matter in
the form of a longitudinal shear flow which results in a finite
vorticity. At mid-rapidity region, the vorticity induced by the
OAM decreases with increasing beam energy which is con-
sistent with the measured global spin polarization of Λ and Λ¯
hyperons [18, 20]. The second source of the vorticity is the
jet-like fluctuation which could induce smoke-loop type vor-
tex associated with the propagating jet [24]. Such generated
vorticity is not correlated to the global OAM induced vortic-
ity and thus does not contribute to the global spin polarization
of Λ and Λ¯ hyperons. However, on the event-by-event ba-
sis, it would contribute to the near-side longitudinal spin-spin
correlation [25]. The third source of the vorticity is the col-
lective expansion of the fire ball [20, 25–27] which we will
discuss in detail in Sec. III. There may be other sources of the
vorticity, for example, the strong magnetic field created by
the fast-moving spectators [28, 29] may magnetize the quark
gluon matter and generate vorticity through the Einstein-de
Haas effect [30, 31].
The purpose of the present paper is two fold. The first
one is to give a detailed theoretical study of the so-called
thermal vorticity (see definition in Sec. II) which was shown
to be responsible for the spin polarization in an equilibrium
plasma [32, 33]. The second purpose is to study how the vor-
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2tical structure of the partonic medium can be reflected in the Λ
and Λ¯ spin polarization observable when it is represented as a
function of the azimuthal angle, transverse momentum, rapid-
ity, etc. In particular, we show that by measuring the harmonic
coefficient of the Λ polarization in momentum space, one is
able to extract important information of the spatial vortical
structure of the partonic medium, in a way similar to measur-
ing vn in Eq. (1) but for spin rather than charge,
dP
dφ
∝ 1 + 2f1 cos (φ− Φ1) + 2f2 cos [2(φ− Φ2)] + · · · ,
(2)
where P denotes the spin polarization which will be defined in
Sec. II and Φn is the nth harmonic plane for spin. Unlike the
electric charge which is a scalar, the spin is a pseudovector so
that the above expression can be applied to each component of
the spin vector. For the longitudinal component, similar idea
has been explored in Ref. [26], so we will focus on the trans-
verse components. We note that the harmonic coefficients fn
can be viewed as the spin response to the vortical anisotropy
reflecting the collectivity of the spin degree of freedom.
We will also study the spin polarization of Ξ0(1314) and
Ω−(1672) baryons. Comparing to Λ baryon which contains
one valence strange quark, Ξ0 and Ω− contain two and three
valence strange quarks, respectively. Noticing the fact that the
magnetic moments of Λ, Ξ0, and Ω− are dominated by va-
lence strange quarks, we expect that, among the three baryons,
the spin polarization of Ω− can be suppressed the most while
Λ the least by the magnetic field. Thus the study of spin po-
larization of Ξ0 and Ω− could be useful for understanding the
magnetic-field contribution to spin polarization of hadrons. In
addition, the spin of Ω− is 3/2, so its spin polarization may
differ from that of the spin-1/2 baryons which also deserves
examination.
We note that the fluid vorticity in heavy-ion collisions may
induce other novel quantum phenomena which will not be
discussed in this paper. Some examples include the polar-
ization of the emitted photons [34], the vector meson spin
alignment [8, 35–37], the chiral vortical effect [38] and chiral
vortical waves [39, 40], the modification to quark-antiquark
condensate and phase diagram [41–47].
This paper is organized as follows. In Sec. II, we will
give a description of the computational method that will be
used in the numerical simulation. In Sec. III and Sec. IV, we
will present the main numerical results for the thermal vor-
ticity and the Λ and Λ¯ spin polarization. Finally, we will
summarize the main results in Sec. V. Throughout this pa-
per, we use natural units ~ = c = kB = 1 and the metric
gµν = g
µν = diag(1,−1,−1,−1).
II. THE NUMERICAL SETUP
In non-relativistic hydrodynamics, the fluid vorticity is de-
fined by ω = (1/2)∇ × v with v the flow velocity, which
represents the local angular velocity of the fluid cell. The
relativistic extension of ω is not unique. One can define
different relativistic vorticities according to different phys-
ical conditions. A natural one is the kinematic vorticity,
ωµ = (1/2)µνρσuν∂ρuσ , where uµ = γ(1,v) is the four ve-
locity with γ = 1/
√
1− v2 being the Lorentz factor, whose
spatial components reduce to the non-relativistic vorticity in
low-velocity limit. However, for the purpose of studying spin
polarization, it is convenient to use the so-called thermal vor-
ticity tensor [32, 48],
$µν =
1
2
[∂ν(uµ/T )− ∂µ(uν/T )] , (3)
where T is the temperature. It was shown that, at local thermal
equilibrium, the mean spin vector of spin-s particles (we will
consider fermions only so that 2smust be an odd integer) with
mass m and momentum p produced at point x is given by [32,
33, 49]
Sµ(x, p) = −s(s+ 1)
6m
(1− nF )µνρσpν$ρσ(x) +O($)2,
(4)
where nF (p0) is the Fermi-Dirac distribution function and
p0 =
√
p2 +m2. For Λ and Λ¯ hyperons which are heavy
we can take the Boltzmann limit, 1 − nF ≈ 1. In the experi-
ments, the spin of a Λ hyperon (similarly for a Λ¯ hyperon) is
measured in its rest frame. Let S∗µ = (0,S∗) denote the spin
vector in the rest frame of Λ. It relates to Sµ in the laboratory
frame by a Lorentz transformation,
S∗ = S − p · S
p0(p0 +m)
p. (5)
Finally, the spin polarization of Λ in the three-direction n is
defined by
Pn =
1
s
S∗ · n. (6)
In the following sections, we will use the string-melting
version of A MultiPhase Transport (AMPT) model to perform
the numerical simulations for the thermal vorticity and the
spin polarization of Λ and Λ¯ hyperons [50]. The AMPT model
allows us to track each parton’s or hadron’s position and mo-
mentum during the evolution of the system. We use this
information to obtain the energy-momentum tensor Tµν(x)
by adopting the same smearing function method as that in
Ref. [18]. The flow velocity field is defined as the eigenvector
of Tµν , i.e., Tµνuν = εuµ (ε is the energy density), so that
in the hydrodynamical term we are using the Landau-Lifshitz
frame; see Ref. [18] for more details. The local temperature
is extracted from ε [51]. Then we use Eq. (3) to compute the
thermal vorticity and use Eq. (6) to obtain the spin polariza-
tion of the Λ and Λ¯ hyperons. The parameters for the AMPT
model are a = 0.55 and b = 0.15 GeV−2 for the Lund string
melting model, strong coupling constant αs = 0.33, the De-
bye screening mass µ = 2.265 fm−1 which is used in defining
the in-medium cross section [51, 52].
3III. RESULTS FOR THE THERMAL VORTICITY
In this section, we present our numerical results for the ther-
mal vorticity. The results for RHIC Au + Au collisions are
obtained by simulating 105 events for each given impact pa-
rameter. The coordinates of the colliding system is setup as
follows. The z axis is set to be along the beam direction of the
projectile, the x axis is along the impact parameter b which
points from the target to the projectile, and the y axis is per-
pendicular to the reaction plane. The origin of the time, t = 0,
is set to the time when the two colliding nuclei overlap maxi-
mally in the beam direction.
The vorticity induced by the global OAM at the collision
center in a non-central collision is perpendicular to the reac-
tion plane if averaged over space and events. In Fig. 1, we
show the doubly averaged thermal vorticity 〈$¯zx〉 at mid-
rapidity (i.e., η = 0 with η = 12 ln[(t+ z)/(t− z)] the space-
time rapidity) as a function of time for several different colli-
sion energies. Here, the double average is defined as the event
average of the following energy-density weighted spatial av-
erage [18],
$¯µν =
∫
d2x⊥ε(x⊥)$µν(x⊥)∫
d2x⊥ε(x⊥)
. (7)
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FIG. 1. (Color online) The zx component of the thermal vorticity
averaged over transverse plane and over colliding events, 〈$¯zx〉, as
a function of time at
√
s = 19.6, 62.4, and 200 GeV for fixed impact
parameter b = 9 fm and rapidity η = 0.
It is seen that the thermal vorticity at mid-rapidity is smaller
at larger collision energy, similar to the kinematic vortic-
ity [18, 20]. Physically, this can be understood by the fact
that at higher collision energy the two colliding nuclei become
more transparent to each other leaving the mid-rapidity region
closer to the Bjorken boost invariant fluid and thus less vorti-
cal. In Fig. 2, we plot the event averaged spatial distribution
of the yz and zx components of the thermal vorticity at early
time, t = 0.6 fm, and at η = 0 in the transverse plane for
Au + Au collisions at
√
s = 19.6 GeV for centrality region
20−50% (i.e., each figure represents an averaged distribution
over the centrality region 20 − 50%). The early-time ther-
mal vorticity is very inhomogeneous in the transverse plane
and clear boundary corona effect is seen. Similar structure
was also seen in the spatial distribution of kinematic vortic-
ity [18]. Combining the first two panels in Fig. 2, we find
that the vortex lines in the transverse plane behave like two
overlapping, counter oriented, smoke loops; see the bottom-
right panel of Fig. 2 in which we draw the vector plot for
$⊥ = ($yz, $zx). These two vortex loops are associated
with the motion of the participant nucleons in the projectile
and target nuclei, respectively. In the bottom-left panel of
Fig. 2 we show the spatial distribution of the radial thermal
vorticity $r = rˆ · $⊥ in the transverse plane. It shows a
clear sign separation crossing the reaction plane which may
be tested by measuring the Λ spin polarization in the radial
direction.
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FIG. 2. (Color online) The distribution of the yz (top-left panel) and
zx (top-right panel) components of the event averaged thermal vor-
ticity in the transverse plane at very early time, t = 0.6 fm, and
rapidity η = 0 for Au + Au collisions at
√
s = 19.6 GeV averaged
over the centrality region 20-50%. It reflects a vortical structure as
displayed by the arrows in the bottom-right panel with the color rep-
resenting the magnitude |$⊥| = ($2zx +$2yz)1/2. The bottom-left
panel shows the spatial distribution of the radial thermal vorticity
rˆ ·$⊥.
On top of this OAM-induced vorticity, there exist other
sources of the vorticity, e.g., the collective expansion of the
fire ball, which may induce special patterns in the spatial dis-
tribution of the vorticity [20, 27, 48]. This can be intuitively
understood by considering a non-central collision whose ve-
locity profile at a given moment is parameterized by
vr ∼ v¯r(r, z) [1 + 2cr cos(2φ)] ,
vz ∼ v¯z(r, z) [1 + 2cz cos(2φ)] ,
vφ ∼ 2cφv¯φ(r, z) sin(2φ), (8)
where the reaction plane angle ΨRP is chosen to be 0, r, z, φ
are the radial, longitudinal, and azimuthal coordinates, and
cr, cz and cφ characterize the eccentricity in vr, vz and vφ
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FIG. 3. (Color online) The longitudinal component of the event-
averaged thermal vorticity distributed in the transverse planeat very
early time, t = 0.6 fm, and rapidity η = 0 for Au + Au collisions at√
s = 19.6 GeV averaged over the centrality region 20-50%.
and are assumed to be constants and small 1. Subtracting the
global OAM effect, the reflection symmetry along the z direc-
tion can be assumed which enforces that v¯r(r, z) = v¯r(r,−z),
v¯z(r, z) = −v¯z(r,−z), and v¯φ(r, z) = v¯φ(r,−z). Thus, the
kinematic vorticity field, ω = (1/2)∇× v, is given by
ωr = −
[
cz
2
r
v¯z(r, z) + cφ
∂v¯φ(r, z)
∂z
]
sin(2φ),
ωz =
[
cr
2
r
v¯r(r, z) +
cφv¯φ(r, z)
r
+ cφ
∂v¯φ(r, z)
∂r
]
sin(2φ),
ωφ =
1
2
∂v¯r(r, z)
∂z
[1 + 2cr cos(2φ)]
−1
2
∂v¯z(r, z)
∂r
[1 + 2cz cos(2φ)]. (9)
Thus we find that if we subtract the global OAM contribution,
at mid-rapidity, η = 0, only the longitudinal vorticity ωz can
be nonzero while the transverse components ωr and ωφ van-
ish. At finite rapidity, all three components of ω can be finite
and the transverse vorticity is dominated by the φ component.
Note that ωr and ωz show quadrupole structures in the trans-
verse plane. The longitudinal vorticity at η = 0 is depicted
in Fig. 3 for the centrality region 20-50% for Au + Au colli-
sions at
√
s = 19.6 GeV in which a clear quadrupolar struc-
ture is seen. Such longitudinal vorticity at the mid-rapidity
region has been carefully examined and it was found that it
can induce a sizable longitudinal spin polarization of Λ and Λ¯
hyperons even at high
√
s where the transverse vorticity is ex-
pected to be small [26]; see also Refs. [16, 27]. The azimuthal
vorticity, ωφ, is special because it can be finite even for central
collisions and we will study it in more detail.
1 If we consider higher-energy collisions, we can approximately assume a
boost invariant longitudinal expansion and a Hubble type transverse ex-
pansion at the early stage. It is thus plausible to assume that v¯z ∝ z/t,
v¯r, v¯φ ∝ rt/R2, and cz ∼ 0 with R the size of the nucleus [18]. How-
ever, for our illustrative purpose, we do not need to make these further
assumptions.
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FIG. 4. (Color online) The vector plot for the thermal vorticity pro-
jected to the transverse plane at spacetime rapidity |η| = 2 for Au
+ Au collisions at 19.6 and 200 GeV averaged over events in 20-
50% centrality range at fixed time t = 3 and 9 fm, respectively. The
background color represents the distribution of the $zx component.
Although the above illustrative discussion is for the kine-
matic vorticity, we expect that similar azimuthal and space-
time rapidity dependence hold also for the thermal vorticity.
In Fig. 4, we show our numerical simulation of the trans-
verse thermal vorticity at η = 2 and η = −2 at late time
t = 3 and 9 fm for Au + Au collisions at
√
s = 19.6 and
200 GeV, respectively. The arrows represent the vortex lines
projected to the transverse plane and the background color
represents the component $zx. Clearly seen is the smoke-
loop type vortex lines oriented in opposite directions for op-
posite spacetime rapidity; similar pattern was obtained also in
Refs. [27, 53]. Such circular vortical structure at finite rapid-
ity gives a quadrupolar distribution of the $zx component in
the x-η plane as shown in Fig. 5. Similar results were also
discussed in Refs. [14, 17, 20, 23, 27, 48, 54, 55].
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FIG. 5. (Color online) The distribution of event-averaged thermal
vorticity in the x-η plane for Au+Au collisions at 19.6 and 200 GeV,
respectively. Other parameters are the same as Fig. 4.
5IV. SPIN POLARIZATION OF HYPERONS
The spatial structure of the thermal vorticity discussed in
Sec. III can be transformed into the structure of the spin po-
larization of Λ and Λ¯ hyperons in momentum space. In Fig. 6
(left) we show our result for the global spin polarization of
Λ and Λ¯ hyperons along the y direction, i.e., the direction of
the total OAM, for Au + Au collisions in the centrality region
20-50% and rapidity region −1 < Y < 1 from √s = 7.7 to
200 GeV, where Y = 12 ln[(p0 + pz)/(p0 − pz)]. Within the
error bars, our numerical result is consistent with the experi-
mental data except for 7.7 GeV where the data for Λ¯ is very
large. We do not take into account the possible feed-down
contributions to the global polarization; the previous estimate
showed that including such contributions will suppress the Λ
and Λ¯ polarization by about 10 − 20% [5, 49, 54–56]. Com-
paring to Fig. 1, we emphasize that the energy dependence of
Py is consistent with that of $zx. We also depict the pT and
rapidity Y dependence of the global polarization and compare
to the experimental data in Fig. 7. The results show different
patterns as those simulated in Ref. [57]. The rapidity depen-
dence is qualitatively consistent with the spacetime-rapidity
dependence of fluid vorticity [18]. Within error bars, consis-
tence between the data [6] and our simulation is seen.
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FIG. 6. (Color online) (Left) The averaged Λ and Λ¯ spin polarization
along y direction in 20-50% centrality range of Au+Au collisions as
a function of collision energy. The rapidity window for Λ and Λ¯ is
|Y | < 1. Open points: STAR data [5, 6]. Red solid points: this work.
(Right) The spin polarization Py for Ξ0 and Ω−. Other parameters
are the same as the left panel.
In Fig. 6 (right) we draw the spin polarization of Ξ0 and
Ω− for Au+Au collisions in 20 - 50% centrality range and ra-
pidity window |Y | < 1 . The results are similar with that of
Λ and Λ¯ and can be understood by noticing the mass ordering
and spin ordering among Λ, Ξ0, and Ω−: mΛ < mΞ0 < mΩ−
and spin(Ω−) = 3/2, spin(Ξ0) = spin(Λ) = 1/2. Accord-
ing to Eq. (4) and Eq. (6), lighter and higher-spin particles
are easier to be polarized by the fluid vorticity. The study of
Ξ0 and Ω− polarization may also provide useful information
for the understanding of the magnetic field contribution to the
spin polarization of hadrons. This is because that the valence
quark contents of Λ, Ξ0, and Ω− are uds, uss, and sss, re-
spectively, and their magnetic moments are all dominated by
strange quarks, µΛ ≈ µs, µΞ0 ≈ 2µs, and µΩ− ≈ 3µs. As
µs ≈ −0.613µN < 0, the magnetic field (which is roughly
along the same direction as the OAM) will give a negative
contribution to the spin polarization and thus will reduce the
polarization spitting among Λ, Ξ0, and Ω− or even violate the
polarization ordering as shown in Fig. 6 (right) which does not
contain any magnetic field contribution.
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FIG. 7. (Color online) The pT and rapidity dependence of the global
polarization at different collision energies. Open points: STAR
data [6]. Dotted lines: this work.
Next, we study the final-state Λ and Λ¯ spin response to the
vortical quadrupole in the partonic phase as shown in Fig. 5.
In Fig. 8, we show the distribution of event-averaged Py for
Λ and Λ¯ in the rapidity-azimuth (Y -φ) plane for Au + Au
collisions at 19.6 and 200 GeV and centrality 20-50%. Corre-
sponding to Fig. 5 in coordinate space, the quadrupole in Py
in momentum space is also clearly seen in Fig. 8. If we focus
on the mid-rapidity region, e.g., |Y | < 1, where the global
OAM contribution could dominate, we find that Py increases
from the in-plane direction to the out-of-plane direction, as
shown in Fig. 9 which is, however, opposite to the experimen-
tal data. We note that similar opposite-to-experiment behavior
of Py was also seen in the hydrodynamic simulations [16, 58].
This discrepancy between theoretical calculations and exper-
imental data is very puzzling. One issue that may affect the
azimuthal dependence is that the spin polarization along the
out-of-plane direction may be quenched by the hot medium
which is not taken into account in the theoretical calculations.
We will in future works study this puzzle.
0 . 5 1 . 0 1 . 5 2 . 0 2 . 5- 2
- 1
0
1
2 P y   1 9 . 6  G e V
φ
Y
- 0 . 0 2 2- 0 . 0 1 8
- 0 . 0 1 3- 0 . 0 0 9
- 0 . 0 0 40 . 0 0 0
0 . 0 0 40 . 0 0 9
0 . 0 1 30 . 0 1 8
0 . 0 2 2
0 . 5 1 . 0 1 . 5 2 . 0 2 . 5- 2
- 1
0
1
2 P y    2 0 0  G e V
φ
Y
- 0 . 0 2 2- 0 . 0 1 8
- 0 . 0 1 3- 0 . 0 0 9
- 0 . 0 0 40 . 0 0 0
0 . 0 0 40 . 0 0 9
0 . 0 1 30 . 0 1 8
0 . 0 2 2
FIG. 8. (Color online) The rapidity-azimuth distribution of the event-
averaged spin polarization of Λ and Λ¯ for Au + Au collisions at 20-
50% centrality range at 19.6 and 200 GeV, respectively.
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FIG. 9. (Color online) The azimuthal angle dependence of Λ and
Λ¯ polarization in rapidity region |Y | < 1 for Au + Au collisions at
19.6, 62.4, and 200 GeV. The experimental data [6] is also shown.
Next, let us focus on the question: What is the specific
hadronic observable for the smoke-loop vortical structure at
finite spacetime rapidity? The rapidity odd feature of such
a vortical structure suggests that the polarization weighted by
the rapidity will be a good observable; such an idea was exam-
ined in Ref. [27] and indeed, they found that the rapidity-sign
weighted polarization is very large and has mild collision en-
ergy dependence. We here propose another observable for the
smoke-loop type vortical structure, that is the spin harmonic
coefficients at finite rapidity.
Recall that the charged particle distribution can be de-
composed into different harmonic components as in Eq. (1)
in which the harmonic coefficients reflect the response of
the final-state momentum-space distribution to the initial
anisotropy in coordinate space. Similarly, we can expect that
the anisotropy in the vortical structure of the early or interme-
diate stage fluid can be reflected in the harmonic coefficients
of the spin-polarization observable as given in
Py(Y, φ) =
1
2pi
Py(Y ){1 + 2
∞∑
n=1
fn cos[n(φ− Φn)]},(10)
where Φn defines the nth harmonic plane for spin and the cor-
responding harmonic coefficient is fn. In real experiments
and also in numerical simulations, the harmonic plane Φn
would suffer from strong fluctuation as the numbers of Λ and
Λ¯ (or other hadrons whose spin polarization can be measured)
are small. Thus in the following simulation we will use Ψn as
defined in Eq. (1) to replace Φn. In other words, we will study
the harmonic flows of spin with respect to the harmonic plane
determined by the distribution of charged hadrons. Thus we
will calculate fn by using
fn(Y ) =
∫
dφ cos[n(φ−Ψn)]Py(Y, φ)∫
dφPy(Y, φ)
. (11)
The results for the first two harmonics, f1 and f2, are shown
in Fig. 10. The directed flow of spin, f1, which is induced by
the vorticity owning to collective expansion, is odd in rapid-
ity and peaks at finite rapidity in accordance with Fig. 8. It
is sensitive to the collision energy as the azimuthal distribu-
tion at finite rapidity, as shown in Fig. 8, is. The measurement
of the slope of f1(Y ) versus rapidity at Y = 0 may provide
further constraint to the equation of state of the hot medium,
especially the vortical susceptibility of the hot medium [59].
The elliptic flow of spin, f2, is even in rapidity. It is negative,
in consistence with our numerical result in Fig. 9; However,
one should be noticed that the experimental data shows a op-
posite trend for the φ dependence of Py in mid-rapidity region
which should result in a positive f2. Again, this discrepancy
will be examined in future works.
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FIG. 10. (Color online) The directed and elliptic spin harmonic coef-
ficients, f1 and f2, versus rapidity for Au + Au collisions with fixed
impact parameter b = 9 fm for
√
s from 19.6 - 200 GeV.
V. DISCUSSIONS
In this paper, we have systematically studied the event-by-
event generation of the thermal vorticity in Au + Au collisions
at different collisions energies. The thermal vorticity can have
different sources among which the primary ones are the global
OAM of the colliding system and the collective expansion of
the fire ball. The former can give the global spin polariza-
tion of Λ and Λ¯ hyperons in the OAM direction in the mid-
rapidity region and our numerical simulation can explain the
experimental data quite well. The latter can lead to intriguing
smoke-loop type vortical structure at finite spacetime rapidity
which can drive a vortical quadrupole in the reaction plane.
We propose to use the spin harmonic flows, especially the first
and second order spin harmonics to detect such a quardrupolar
vortical configuration.
However, it should be noted that there exist evident dis-
crepancy between the theoretical results and the experimental
data. For example, the azimuthal distribution of either the lon-
gitudinal spin polarization or the polarization along the OAM
direction at the mid-rapidity region has opposite trend in the-
oretical results comparing to the recent experimental data [6].
Another example is that the spin-alignment measurement of
the vector mesons φ and K∗0 also show features that is in
contradiction to the theoretical predictions [8, 36, 37]. These
puzzles indicate that our current understanding of the spin po-
larization mechanism and also the possible background effects
may need careful reexamination. We will report our studies
concerning these puzzles in the future.
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